An asymptotic formula for the Tian-Paul CM-line of a flat family blown-up at a flat closed sub-scheme is given. As an application we prove that the blow-up of a polarized manifold along a (relatively) Chow-unstable submanifold admits no (extremal) constant scalar curvature Kähler metrics in classes making the exceptional divisors sufficiently small. Moreover a geometric characterization of relatively Chow-unstable configuration of points in the projective space is given. From this we get new examples of classes admitting no extremal Kähler metric also in the case of the projective plane blown-up at a finite set of points.
Introduction and statement of results
The problem of finding a canonical metric on a fixed Kähler class of a compact manifold has a rich and long history mainly due to Calabi, Aubin, Yau, Tian and Donaldson. First general results on Kähler-Einstein metrics are due to Aubin [3] in the negative first Chern class case and Yau [37] in the non-positive case [37] with the celebrated proof of the Calabi conjecture. Since Matsushima theorem [21] and the Futaki invariant [13] , the positive (Fano) case is known to be obstructed and in general the problem is still open. An insight of Yau relates the existence of such a metric on a Fano manifold to some kind of algebraic-geometric stability. In [33] Tian defined K-stability for Fano manifolds, which gives a subtle obstruction to the existence of Kähler-Einstein metrics, and made concrete Yau's suggestion introducing CM-polarization for families of Fano manifolds and formulating a precise conjecture relating the GIT stability relative to CM-polarization to the existence of Kähler-Einstein metrics. Later Donaldson introduced his K-stability for general polarized manifolds (with non necessarily anti-canonical polarization) and conjectured it is equivalent to the existence of a cscK (constant scalar curvature Kähler) metric in the polarization class [10] . Finally one step further has been made by Székelyhidi [30] introducing relative K-stability for eK (extremal Kähler) metrics. Calabi defined such metrics, generalizing cscK metrics, with the aim to give a canonical representative in each Kähler class of a compact complex manifold [5, 6] , but after Levine [19] and Burns-De Bartolomeis [4] we know that there exist Kähler manifolds admitting no extremal metrics in any Kähler class. More recently, has been shown examples [35, 1] of Kähler manifold having extremal metrics only in some classes. The main application of results of this paper is the construction of new examples of manifolds which admit no eK metrics in some classes.
The equivalence between the existence of a cscK (or more generally eK) metric in the polarization class and the algebraic-geometric stability of a polarized manifold sometimes goes under the name of Yau-Tian-Donaldson conjecture. Some important steps toward the proof of such conjecture have been done. In particular the stability of a polarized manifold admitting a canonical metric has been proved [33, 11, 29, 30, 31] . Moreover one expects that the stability condition involved in the Yau-Tian-Donaldson conjecture is given by the refined CM-polarization of the Hilbert scheme introduced by Paul-Tian [26] , which is in fact deeply related to Donaldson's K-stability [10] . Actually Fine and Ross showed that the line bundle introduced by Paul and Tian in general is not ample [12] , thus we will refer to it (or to a rational multiple) as the CM-line.
The main result of this paper is quite technical, but it has a number of applications to the problem of finding canonical metrics. Roughly speaking it is the expression of the CM-line of a blown-up family in terms of the CM-line of the original family and a kind of Chow-stability of the center of blow-up. To be more precise, let π : X → B be a flat family of relative dimension n endowed with a polarization L (i.e. a relatively ample line bundle on X). Following Paul-Tian construction [26] , these data define the CM-line
Moreover, to any closed sub-scheme Y ⊂ X which is flat over B (via π) and of relative dimension d we associate the CW-line (see section 3) λ CW (Y, X/B, L) ∈ Pic Q (B). Now consider the blow-up β :X → X of X with center Y endowed with the polarization L r = β * L r ⊗ OX (1) for r sufficiently large. The familyπ = π • β :X → B is flat, thus we can consider the CM-line λ CM X /B, L r ∈ Pic Q (B). Our main result is the following Theorem 1.1. For r sufficiently large we have
where O i for some fixed Q-line bundles ǫ i on B.
As we anticipated above, formula (1) has many applications to the problem of existence of canonical metrics on polarized manifolds. To state them we apply theorem 1.1 to a test configuration for a polarized manifold (M, A) (as defined in [10] ). In other words we make the following assumptions:
• B = C endowed with the natural C × -action,
• are given a C × -action on X making π an equivariant map and a linearization on L,
• for any fiber X t = π −1 (t) over t = 0 we have (X t , L| Xt ) ≃ (M, A) as polarized manifolds.
From these data we get a polarized scheme endowed with a C × -action, namely the central fiber X 0 = π −1 (0) of the family, polarized with L| X 0 ; with a little abuse of notation we denote by F (X, L) the generalized Futaki invariant of (X 0 , L| X 0 ) as defined by Donaldson [10] for a general scheme. In addition suppose that
• the sub-scheme Y ⊂ X is invariant,
is smooth (although possibly reducible or non-reduced) for t = 0.
From these data both CM and CW-lines inherit a linearization and equation (1) holds in the sense of linearized bundles. By Paul-Tian [26, theorem 1] we know that the weight of the C × -action on the CM-line λ CM (X/C, L) over 0 ∈ C is nothing but the generalized Futaki invariant F (X, L). Moreover let w CW (Y, X, L) be the weight of the induced C × -action on the CW-line λ CW (Y, X/C, L) on the fiber over t = 0.
In remark 3.6 we will show that the weight w CW is in fact a generalization of the Chow weight of a projective variety introduced (although not explicitly defined) by Mumford in [23] . We will call
Actually w CW (Y, X, L) depends only on the fibers of (X, L) and Y over t = 0, but the reader should not confuse w CM (Y, X, L) with the standard Chow weight of the polarized scheme (Y 0 , L| Y 0 ), being Y 0 = π| −1 Y (0). Following general construction described above, after blowing up the sub-scheme Y we get the flat familyπ :X → C polarized with L r . A few comments are in order before going ahead. First, since Y is invariant, the C × -action on X lifts toX and the mapπ is equivariant. Second, since Y is transversal to each fiber X t for t = 0, the fiberX t =π −1 (t) is the blow-up of X t along Y t for t = 0. Thus (X/C, L r ) is a test-configuration for the polarized manifold (M , β * A r ⊗ O(−E)), where β :M → M is the blow-up of M along N = Y 1 with exceptional divisor E. In this situation by theorem 1.1 we can prove the following Corollary 1.2. For r sufficiently large we have 
In this case, thanks to smoothness hypothesis on fibers of π| Y , the Y j 's meet only over t = 0 and for t = 0 the fiberX t is the blow-up of X t along the submanifolds π|
Ys (t). Thus the family (X/C, L r ) is a test configuration for the polarized manifold 
where E j is the exceptional divisor over π|
(1) (the latter, endowed with the structure of reduced scheme).
In case Y has relative dimension zero (i.e. d = 0, so thatM is the blow-up of M at a bunch of points), corollary 1.3 reduces to a result originally due to Stoppa [28] (but see also subsequent paper [29, proposition 2.13] ). We notice that methods used by Stoppa are quite different than our ones: in particular he prove his formula by means of a careful study of the geometry of the central fiber of the blown-up test configurationX.
At this point we recall partial proof of the Yau-Tian-Donaldson conjecture due to Donaldson
Thus, if (X/C, L) is a destabilizing test configuration for (M, L), taking a submanifold N ⊂ M and letting Y be the closure of the trajectory of N under the C × -action on X, by discussion above and corollary 1.2 we know that the blow-upM of M with center N admits no cscK metrics in the class c 1 (β * A r ⊗ O(−E)) for r sufficiently large. In other words the blow-up of a K-unstable polarized manifolds remains unstable with polarizations which make the exceptional divisor small enough. More interestingly, if (M, L) is K-semistable (i.e. not unstable) and (X/C, L) is now a non-trivial test configuration with F (X, L) = 0 (which exists whenever there is a non-trivial C × -action on M ), then the instability of M , β * A r ⊗ O(−E) for r ≫ 0 is implied by the condition w CW (Y, X, L) < 0. The latter being exactly the definition of Chow-instability of N ⊂ M if X = M × C is a product configuration. In this circle of ideas thanks to theorem 1.4 we prove the following If N ⊂ M is Chow-unstable then the class
contains no cscK metrics for r ≫ 0.
Thanks to the well known geometric characterization of Chow stability of configuration of linear subspaces of P n (see for example [24, 9] or [22] for points), theorem 1.5 gives infinitely many examples of polarized manifolds with no cscK metrics. For examples involving blow-up of points we refer to [28] , here we give an example with higher dimensional center of blow-up. Example 1.6 (Projective space blown-up at a pair of skew linear subspaces). From Nadel [25, example 6.4] we know that the blow-up of P 2r+1 along a pair of skew r-dimensional linear subspaces L 1 , L 2 admits the Kähler-Einstein metric. Thus we have the cscK metric in the canonical class c 1 (O ((2r + 2)H − r(E 1 + E 2 ))), where H is the pull-back of the hyperplane class and E 1 , E 2 are the exceptional divisors respectively over L 1 and L 2 . On the other hand, by geometric criterion aforementioned we know that the sub-scheme L cut by
is Chow-unstable if m 1 = m 2 . Thus we have no cscK metrics in the classes c 1 (O (kH − m 1 E 1 − m 2 E 2 )) with m 1 = m 2 and k sufficiently large. Theorem 1.4 has an analogous for eK metrics due to Székelyhidi [30] , where one has to look to a restricted class of test configuration to get the relevant instability (or equivalently one can correct the Futaki invariant with an additional term). Thanks to this result, with a little additional effort, from corollary 1.2 we can get a non-existence theorem for eK metrics on blown-up manifolds. 
contains no eK metrics for r ≫ 0.
Here by relatively Chow-unstable we mean that, keeping notations as above, X = M ×C is a product configuration and N ⊂ M is unstable with respect to a one-parameter subgroup of Z Aut(M ) (T )/T , where T ⊂ Aut(M ) N is a fixed maximal torus of the stabilizer Aut(M ) N = {g ∈ Aut(M ) | g(N ) = N } and Z Aut(M ) (T ) is the identity component of the centralizer of T in Aut(M ). In general relative stability is weaker than stability, but they are equivalent when T is trivial. A geometric characterization of relative stability of configuration of points in P n will be given in section 2.1. In the very special case of P 2 we have the following As is known since Calabi seminal paper [5] , the existence of eK metric on blow-up of P 2 at one point is unobstructed, in accordance with theorems 1.8 and 1.7. More interestingly, for the blow-up of P 2 at two points, by Arezzo-Pacard-Singer [2] , Chen-LeBrun-Webber [8] and He [15] the existence of eK metrics in classes making small the exceptional divisors and in all classes making the exceptional divisors with the same volume (also called bilaterally symmetric classes) is established. Moreover, for the blow-up of P 2 at three non-aligned points we know there exist eK metrics in two set of classes: the canonical class and in classes nearby by Tian-Yau [34] and LeBrun-Simanca [18] , and in a class with exceptional divisors with the same volume grater than in the canonical class and in classes nearby thanks to Arezzo-Pacard-Singer [2] . In this cases our theorems 1.8 and 1.7 give no obstruction providing evidence to the existence of eK metric on each Kähler class. Example 1.9 (P 2 blown-up at aligned points). Consider the blow-up of P 2 at s ≥ 3 points lying on a line L ⊂ P 2 . Thanks to theorems 1.8 and 1.7 we conclude that there are no eK metrics in the Chern class of the line bundle O kH − s j=1 m j E j if there is a m i greater than the sum of other ones and k sufficiently large, being E j 's the exceptional divisors on the blown-up points and H the pull-back of the hyperplane class of P 2 . Example 1.10 (P 2 blown-up at non-aligned points). In the situation of previous example, if we blow-up another point p 0 / ∈ L then the sub-scheme of L given by points p 1 , . . . , p s with multiplicities m 1 , . . . , m s is unchanged then we conclude that there are no eK metrics in the first Chern class of O kH − s j=0 m j E j if there is a 1 ≤ i ≤ s such that m i > 1≤j≤s,j =i m j and k ≫ 0. In particular m 0 is completely arbitrary. On the other hand, if we blow-up P 2 at s ≥ 4 points and four of them are three by three not aligned, then relative Chow-stability is the classical one and we have no eK-metrics if more than (2), thus the blow-up at that lines can a priori have eK metrics with non constant scalar curvature in some Kähler class. On the other hand, a direct computation of w CW for each line (see remark 3.6) shows that the scheme N cut by the ideal sheaf
is relatively Chow unstable if one of the multiplicities {m 1 , m 2 , m 3 } is grater than the sum of the others. In this case, by theorem 1.7 there are no eK metrics in the classes c 1 (O (kH − m 1 E 1 − m 2 E 2 − m 3 E 3 )) with k ≫ 0, where E j is the exceptional divisor over L j and H is the pull-back of the hyperplane class of P 3 .
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Relative GIT stability
The idea of relative (GIT) stability is buried in a number of papers [16, 20] . A clear treatment related to stability of polarized manifold is given by Székelyhidi [30] . Following his definitions, here we recall some elementary facts.
Let V be a finite dimensional C-vector space acted on linearly by a reductive algebraic group G. According to GIT [23, 9, 32] , a point v ∈ V is called
• stable if it is polystable and the stabilizer G v is finite.
Now let H ⊂ G a reductive subgroup. Obviously the action of G induces an action of H and a (semi/poly)stable point v with respect to G is (semi/poly)stable with respect to H. By converse, the stability with respect a sufficiently wide class of subgroups implies the stability with respect G. Indeed it holds the following
Theorem 2.1 (Hilbert-Mumford criterion). A point v ∈ V is (semi/poly)stable if and only if it is (semi/poly)stable with respect to all non-trivial one-parameter subgroups of
The weight of the action of λ on L 0 ⊂ V is denoted by µ(v, λ) and it is called the Mumford weight of v with respect to λ. Thus, by Hilbert-Mumford criterion, v is (semi)stable if and only if µ(v, λ) < 0 (resp. ≤ 0) for all one-parameter subgroups λ of G.
Next, in order to define relative stability of a point v ∈ V consider the stabilizer
with respect to the induced action on P(V ) and choose a maximal torus T ⊆ G [v] , so that T ≃ (C × ) r for some integer r ≥ 0. Let Z G (T ) be the identity component of the centralizer of T in G and consider the quotient group G T = Z G (T )/T . Choosing a split of the exact sequence 0 → T → Z G (T ) → G T → 0 gives an action of G T on V by restriction of the original one of G. Actually the inclusion ι : G T ֒→ G is not canonically defined, thus we have to show that definition 2.2 is independent of ι. To this end let κ : G T → Z G (T ) be another split of the sequence above. Since ι and κ are right inverses of the projection
Remark 2.3. A stable point for the G-action is relatively stable as well. Indeed, in this case T is trivial and G T = Z G (T ) = G. On the other hand, relatively unstable points are unstable in absolute sense. Remark 2.4. As in the non-relative case, in presence of a polarized variety (X, L) acted on by G, the relative stability of p ∈ X is defined looking at the orbit of a nonzero ℓ ∈ L p under the action of G T , being T ⊆ G p a maximal torus of the stabilizer of p .
Relative stability of configurations of points
The aim of this section is to give a geometric criterion for relative Chow-stability of configuration of points in the projective space P n . For convenience of the reader and future reference we start by recalling a similar well-known result in the absolute (i.e. non relative) Chow-stability. For proofs and more details see [24, 9, 22] .
By configuration of points here we mean an element P = (p 1 , . . . , p m ) ∈ (P n ) m .
Remark 2.5. To P we can associate an ideal sheaf I P ⊂ O P n as follows. Perhaps changing the order of p j 's we can suppose that {p 1 , . . . , p s } is the maximal set of distinct points among p j 's. Denoted by m j the multiplicity of p j in P for each 1 ≤ j ≤ s, we set I P = I m 1 p 1 ∩ · · · ∩ I ms ps . As well known the Chow-stability of the subscheme of P n defined by the ideal sheaf I P is equivalent to the GIT stability of the m-form f P ∈ C[x 0 , . . . , x x ] defined in the following.
To each p j = (p 0 j : . . . : p n j ) we associate the linear form l j (x) = n i=0 p i j x i (the so-called Chow form of p j ) and then consider the product
Since f P ∈ V we give the following
The geometric meaning of stability just defined is given by the following Theorem 2.7. Let P ∈ (P n ) m a configuration of points of P n . P is semistable if and only if for every proper linear subspace E ⊂ P n we have Now we turn to a relative version of the previous results.
Definition 2.8. P is called relatively (semi/poly)stable if f P ∈ V is.
To give geometric conditions characterizing relative stability of P , let G P ⊆ G be the identity component of the stabilizer of the configuration P and let Λ ⊆ P n be the G Pinvariant subspace spanned by points p 1 , . . . , p m . Consider the action of G P on Λ and let F be the fixed points locus. F is a union of subspaces, then Λ is decomposable in a sum of pointwise G P -fixed subspaces. The following lemma characterize such decomposition and it is crucial to state the condition of relative stability.
Lemma 2.9. There exists a decomposition
A decomposition as above is unique up to the order of summands.
Proof. We prove the statement by constructing such a decomposition.
Let d − 1 be the dimension of Λ. By definition of Λ it is possible to choose d points linear independent among p 1 , . . . , p m . Without loss we can suppose that p 1 , . . . , p d are independent. Furthermore, with a suitable choice of projective coordinates, we can also suppose p j = e j−1 (the canonical points of P n in the fixed coordinates) for 1 ≤ j ≤ d.
To
Clearly p j ∈ S j and the number of non-zero coefficient of p j with respect to the canonical basis equals dim S j . In particular S j = {e j−1 } for j ∈ {1, . . . , d}. Now we introduce on the set of subspaces Σ = {S 1 , . . . , S m } the equivalence relation defined by
and we associate to each class C i ∈ {C 1 , . . . , C s } = Σ/ ∼ the subspace
By construction the decomposition
satisfies orthogonality and irreducibility condition.
Example 2.10 (Plane configurations of points). Dealing with points on the plane only few different cases can occur. Let P ∈ (P 2 ) m and Λ be the span of points of P . One has the following cases Λ = {p} if P is supported at the point p. Λ = {p} + {q} if P is supported at two distinct points p, q. Λ = {p} + {q} + {r} if P is supported at three non-aligned points p, q, r. Λ = L if P is supported at least at three distinct points of the line L. Λ = {p} + L if P is supported at the point p / ∈ L and at least three distinct points of the line L. Λ = P 2 if P is supported at least at four points, three by three not aligned.
Now we are in position to state and prove the main result of this section Theorem 2.11. Let P ∈ (P n ) m be a configuration of points in P n . Let Λ = Λ 1 + · · · + Λ s be the subspace spanned by points of P with the decomposition of lemma 2.9. For each j ∈ {1, . . . , s} let P j be the configuration of points of P contained in Λ j .
The configuration P is relatively (semi/poly)stable if and only if each configuration
Proof. First of all we have to determine the (identity component of the) stabilizer G P of P in G = SL(n + 1). To this end is useful to make some assumption on points of P = (p 1 , . . . , p m ). As in the proof of lemma 2.9 we can suppose without loss that p j = e j−1
. . .
By irreducibility property of decomposition Λ = Λ 1 + · · · + Λ s , if g ∈ G P then g fixes each point of Λ j for any j ∈ {1, . . . , s}. Thus, in the basis {e 0 , . . . , e n } any element g ∈ G P is represented by a matrix of the form
where λ j ∈ C × , I j is the identity matrix of rank
With the most natural choice of the maximal torus T ⊆ G P a element t ∈ T is represented by a matrix of the form
where I j are as above, λ j ∈ C × with the condition
, and ρ = n − d + s is the dimension of T . Thus, a generic element g ∈ Z G (T ) of the centralizer of T in G is represented by
where µ j ∈ C × and A j ∈ GL(d j ) satisfy the condition
Now we define ι :
where I is the identity matrix of rank ρ − s + 1 and
Under our assumptions the homogeneous form f P ∈ C[x 0 , . . . , x n ] m splits
. Thus the action of an element g ∈ Z G (T ) of the form (2) splits into the action of the blocks B j on f j :
After all these reductions we are ready to show the ties between the absolute stability of f j 's and the relative stability of f P . Let us suppose that f j is unstable for the action of SL(d j ). This means that the null form 0 is contained in the closure of the orbit SL(d j )·f j . Since SL(d j ) ⊆ ι(G T ) also f P is unstable. By converse, if every f j is semistable then the closure of each orbit SL(d j ) · f j does not contain the null form 0. This implies that the orbit ι(G T ) · f P of f P does not contain the null form 0 and f P is semistable. Next we pass to polystability. By splitting (4) follows that the orbit ι(G T ) · f P is the pointwise product of orbits SL(d j ) · f j , thus it is closed if and only if each orbit SL(d j ) · f j is closed. This implies that f P is relatively polystable if and only if each f j is polystable for the SL(d j )-action. Finally, since the stabilizer of f P in ι(G T ) is notingh but the direct product of stabilizers in SL(d j ) of each f j , then f P is relatively stable if and only if each f j is stable under the action of SL(d j ).
proof of theorem 1.8. It is a corollary of theorem 2.11 via example 2.10. In case i. each Λ j is a point, thus N restricted to it is always stable. In cases ii. and iii. Λ is either the line L or the sum of L with a point; in any cases the stability of N restricted to L is equivalent to the relative stability of N . Finally, in case iv. Λ = P 2 , thus relative stability and stability coincide.
CM and CW-lines
In this section we recall basic facts on CM-line, originally defined in [26] (for a nice review and some interesting positivity results see also [12] ). Moreover we introduce the CW-line, related to Chow-stability of subschemes.
Let π : X → B be a flat morphism of projective varieties with B irreducible and relative dimension dim(X/B) = n and let L be a relatively ample line bundle X. For each k consider the coherent sheaf π ! (L k ) on B. By standard theory the Hilbert polyno-
where a j ∈ Q.
Analogously, thanks to Knudsen and Mumford results [17] we have the polynomial expansion
where ν j 's are Q-line bundles on B. The relevance of det π ! (L k ) to our aims rely on the
for each b ∈ B and k ≫ 0.
Definition 3.1 ([26]). The CM-line associated to the polarized family (X/B, L) is the Q-line bundle on B given by
We remark that the CM-line just defined is a rational multiple of the original one in [26] . On the other hand the CM-line as defined in 3.1 enjoy two nice properties. First it is homogeneous of degree zero as function of L, in other words
for all r. Second, in presence of a C × -action, the weight over the invariant points of B is the generalized Futaki invariant defined by Donaldson [10] . More precisely, suppose given C × -actions on X and B making π an equivariant map and choose a linearization on L. From these data, we get a linearization on λ CM (X/B, L). Is not difficult to see that such linearization is independent of the one on L. If b 0 ∈ B is a fixed point let 
where b i,j ∈ Q. Moreover, arguing as in the proof of [23, Proposition 2.1], and using Cartier's theorem [7] in place of Snapper, we get the following expansion 
Given C × -actions on B and X making Y invariant and π equivariant, after choosing a linearization on L we get an induced linearization on λ CW (Y, X/B, L). This linearization is natural, in the sense that it is independent of the one on L. Pick a C × -fixed point b 0 ∈ B and consider the fiber Remark 3.6. The Chow weight just introduced is a generalization of the well-known ChowMumford weight of a projective variety N d ⊂ P n [23, 27] . To see this, fix a one parameter subgroup of α : C × → SL(n + 1). With a suitable choice of coordinates we have α(t) = diag (t q 0 −p , . . . , t qn−p ), with p = n i=0 q i n+1 and 0 ≤ q 0 ≤ · · · ≤ q n . Fix on the hyperplane bundle O P n (1) the linearization of α that induces the C × -action t → diag (t −q 0 , . . . , t −qn ) on H 0 (P n , O P n (1)). Now let X = P n ×C acted on diagonally by C × . Clearly the projections on the factors are equivariant and flat, thus the pull-back L = pr * 1 O P n (1) is a linearized line bundle on X. Let π : X → C be the projection on the second factor. By general theory recalled above, for k ≫ 0 we have
, we can conclude that the weight of the induced C × -action on the fiber of ν 0 over t = 0 is given by 
and denote its ideal sheaf with I Y ⊂ O X . By theory above, for h ≫ 0 we have asymptotic expansions
thus b 0 (k) is the degree of (N, I k N ) ⊂ P n and the weight w 0 (k) of the induced action on the fiber over t = 0 of the Q-line bundle ρ 0 (k) is the leading coefficient of the polynomial expansion of det , by [36, Lemma 25] we get
(d+1)! the leading coefficient as h ≫ 0 of the weight of the induced action on
Thus the weight of the induced action on the fiber over
which coincides with the Chow-Mumford weight appearing in [23, Theorem 2.9] up to the factor
With our signs conventions, a variety N ⊂ P n is Chow-unstable w.r.t. a given C × -action on P n if the Chow-weight ω CW (N, P n , O P n (1)) is positive. Remark 3.8. We can slightly generalize the situation above and consider N ⊂ M , where (M, A) is a n-dimensional polarized manifold endowed with a C × -action α : C × → Aut(M ) that linearizes on A, and N is a possibly non-reduced sub-variety. In this case X = M ×C, π = pr 2 and L = pr * 1 A. Moreover
is the flat limit of N under the action of α. Let a 0 (M, A) and a 0 (N, A| N ) be respectively the leading coefficient of h 0 (M, A r ) and h 0 (N, A| r N ) as r ≫ 0 and let e(M, A), e(N 0 , L| N 0 ) be the leading coefficients of polynomial expansions of the total weights of induced actions on H 0 (M, A r ) and H 0 (N 0 , L| r N 0 ) as r ≫ 0. Arguing as above we get
Moreover we can get a differential geometric expression for w CW (N, M, L) as follows. Let v be the holomorphic vector field generated by α on M and let φ v be the normalized potential of v with respect to a fixed Kähler metric ω in the first Chern class of A; in other words φ v is the unique solution of the system
Since N 0 is α-invariant, by Riemann-Roch theorem and [11, proposition 3] 
where the integral is over the cycle associated to the scheme N 0 .
Clearly equation (10) 
Proof. We start proving the formula in the case s = 2 and m 1 = m 2 = 1 so that
where the third arrow takes the difference of sections of
and analogously
Now let I Z = I m Y for some m > 0. By expansions (7) and (8) we get
respectively. Thus by definition of CW-line we get
The general case follows easily by induction on s.
CM-line of blow-ups
In this section we give an expression of the CM-line of a polarized flat family blown-up along a flat closed sub-scheme, in terms of the CM-line of the base family and the CW-line of the center of the blow-up.
Let π : X → B be a flat morphism of projective varieties with B irreducible and relative dimension dim(X/B) = n and let L be a relatively ample line bundle X. Moreover, let i : Y ֒→ X be the inclusion of a subscheme flat over B (via π) with relative dimension dim(Y /B) = d < n − 1. Now let β :X → X be the blow-up of X along I Y with exceptional (invertible) sheaf OX (1) . By hypothesis on π and Y we can conclude thatπ = π • β is flat. We set
For r sufficiently large L r is relatively ample. Moreover, for all k ≫ 0, we have the iden-
of locally free sheaves on B. Thus, always for k sufficiently large, we have the following exact sequence
Theorem 4.1. For r sufficiently large we have the following asymptotic expansion
Proof. By equation (12) and expansions (6) and (8) we get
and analogously by expansions (5) and (7) we have
Thus by definition 3.1 of CM-line we have (13) is not hard to get an exact polynomial expansion of λ CM (X/B, L r ) (a 0 r n −b 0,0 r d ) 2 in terms of data on X and Y . We do not state here such a more complete result due to the lack (to the best of the author's knowledge) of geometric meaning of some other line bundles appearing in the formula. Only about the lower order term, we notice that it is the limit as k → ∞ of the CM-line
associated to the polarized sub-scheme Y k ⊂ X cut out by I k Y . These aspects will be objects of further studies by the author.
5 Proofs of theorems 1.5 and 1.7
In this section we consider a special case of situation of previous sections. As above we have a flat family π : X → B endowed with a relative ample line bundle L, but now we suppose B = C and we are given a C × -action on X, covering the natural one on C, and a linearization on L. If the fiber M = π −1 (t) at t = 0 is non-singular, we recover the definition of test configuration for the polarized manifold (M, L| M ) originally due to Donaldson:
Definition 5.1 ([10] ). A test configuration (of exponent one) for the polarized manifold (M, A) is a C × -equivariant flat family π : X → C endowed with a relatively ample C × -linearized line bundle L such that (π −1 (t), L| π −1 (t) ) ≃ (M, A) for all t = 0. The Futaki invariant of the central fiber (π −1 (0), L| π −1 (0) ) is called the Futaki invariant of the test configuration and will be denoted (with a little abuse of notation) by F (X, L), leaving the C × -action understood. Now consider a n-dimensional projective manifold M and fix N 1 , . . . , N s ⊂ M pairwise disjoint submanifolds of dimension d < n − 1. Let
be the blowup of M along the union N 1 ∪ · · · ∪ N s . ClearlyM is smooth, moreover, denoting by E j the exceptional divisor over N j , and fixed an ample line bundle A on M , we get a collection of polarized manifolds
for r ≫ 0.
Fix a C × -action α : C × → Aut(M ) on M and a linearization on A. Since each N j move under the action of α, is natural to expect that these data give a test configuration for each of the polarized manifolds (14) . To construct this test configuration we proceed as follows. Set X = M × C and let π : X → C be the projection on the second factor and L = pr * 1 A be the pull back of A via the projection of X on M . Clearly π is flat and L is relatively ample. Now consider the (closure of) the trajectory of each N j under the action of α: 
has an induced linearization. Since each slice M × {t} is transversal to supp I Y for t = 0, the fiberπ −1 (t) ofπ at t is the blow-up of M at the transformed submanifold α(t) (N 1 ∪ · · · ∪ N s ), and we have the isomorphism
Thus the familyπ :X → C polarized with L r is a test configuration for the blown-up polarized manifold (14) with r ≫ 0. At this point we notice that in generalπ −1 (0) is not the blow-up of M at the limit sub-scheme
This phenomenon is well discussed in [28] in case where dim(N j ) = 0.
Now we apply results of sections 3 and 4 to get an asymptotic expansion of the Futaki invariant of the test configuration X /C, L r we just constructed. In particular by theorem 4.1 we get the following F (M, A) 
Ys by theorem 4.1 and lemma 3.9 for r ≫ 0 we get
Thus the statement follows by theorem 3.2 taking the weight of the C × -action on the central fiber
Remark 5.3. More generally we can start with an arbitrary test configuration (X/C, L) for (M, A) with C × -action α : C × → Aut(X) and projection π : X → C. Embedded N j ⊂ π −1 (1) in the fiber over t = 1, we set
Repeating the argument above we get the proofs of corollaries 1.2 and 1.3.
Finally we are in position to give the following proof of theorem 1.5 . Since N is Chow-unstable, there is a one-parameter subgroup α : C × → Aut(M ) that linearizer on A such that the Chow-weight w CW (N, M, A) discussed in remark 3.8 is positive. Following the construction illustrated above, with this oneparameter subgroup we can construct a test configuration (X/C, L r ) for
with r ≫ 0. Moreover by hypothesis (M, A) admits a cscK metric, thus F (M, A) = 0 vanish for all C × -actions and by corollary 5.2 for r ≫ 0 we get proof of theorem 1.7. The situation is similar to above. Since N is relatively Chowunstable, we can find a destabilizing one-parameter subgroup α : C × → Z Aut(M ) (T )/T , whereT ⊂ Aut(M ) N is a fixed maximal torus of the stabilizer of N in M and Z Aut(M ) (T ) is the identity component of the centralizer ofT in Aut(M ). To fix an embedding Z Aut(M ) (T )/T ֒→ Aut(M ), we proced as follows. Since Lie(Z Aut(M ) (T )) is a subalgebra of holomorphic vector field on M , we can consider the restriction to Lie(Z Aut(M ) (T )) of the Futaki-Mabuchi scalar product (see [14] ) of the class c 1 (A) and we define GT to be the subgroup generated by Lie(T ) ⊥ . Thus we can consider α a one-parameter subgroup of Aut(M ) commuting withT and with generating vector fieldα ∈ Lie(T ) ⊥ .
Moreover, by remark 3.8 the Chow-weights of N and its flat limit N 0 = lim t→0 α(t) · N define holomorphic vector fields γ and γ 0 on M via the aforementioned scalar product. Thus by instability hypothesis and definition of GT we have w CH (N, M, A) = α, γ 0 c 1 (A) > 0 and α, γ c 1 (A) = 0.
Thanks to the invariance hypotesis on N we have a privilegiate choice for the extremal vector field η on M of the class c 1 (A). With this choice, integrating the extremal field r −2 η of the class c 1 (A r ), for each integer r > 0 we get an extremal action χ (r) : C × →T (see [30, 14] for definition) on the manifold M . On the other hand, via the identification Aut(M ) N = Aut(M ) we can regard also the extremal actionχ (r) : C × →T of the class c 1 (A r ) on the blown up manifoldM as a C × -action on M (perhaps replacing A r = β * A r ⊗ (− s j=1 m j E j ) with some tensor power). The actions χ (r) andχ (r) induce C × -actions on test configurations X andX constructed as above.
Following Székelyhidi [30] we have to compute the corrected Futaki invariant To prove (17) consider the embedding ι Lr :X ֒→ P Nr × C. Thanks to linearizations on L r ,T and α act on P Nr × C (in particular α acts via the natural action of C × on C and T via the trivial action) and ι is bothT and α-equivariant. Now let ω E be the standard Kähler metric on C and let ω F S(Nr) be a Fubini-Study metric on P Nr such that α| S 1 acts by isometries. Let φ 
Now, let ω be a Kähler metric on M in the class c 1 (A) and let ψ α be a Kähler potential for α with respect to ω. For each t = 0 have
Combinig (18) with (19) by [11, Proposition 3] and definition of the generalized FutakiMabuchi scalar product we get
for each pair λ 1 , λ 2 of one-parameter subgroups of Aut(M ) generated by the vector fieldṡ and (17) follows thanks to (15) .
